Abstract In this work we analyze the architecture of real urban mobility networks from the multiplex perspective. In particular, based on empirical data about the mobility patterns in the cities of Bogotá and Medellín, each city is represented by six multiplex networks, each one representing the origin-destination trips performed by a subset of the population corresponding to a particular socioeconomic status. The nodes of each multiplex are the different urban locations whereas links represent the existence of a trip from one node (origin) to another (destination). On the other hand, the different layers of each multiplex correspond to the different existing transportation modes. By exploiting the characterization of multiplex transportation networks combining different transportation modes, we aim at characterizing the mobility patterns of each subset of the population. Our results show that the socioeconomic characteristics of the population have an extraordinary impact in the layer organization of these multiplex systems.
Introduction
Understanding human mobility patterns have attracted, for decades, the attention of researchers from many different scientific realms. The first models based on empirical observations date back to the 40's and were elaborated by the sociologist Samuel A. Stauffer [1] and the philologist George K. Zipf [2] . It is at the end of the last century when, with the consolidation of mathematical frameworks such as the well-known Gravity model [3] , when transportation science, as a realm of operations research, became a discipline on its own.
The advent of the big data era, have spurred the activity on transportation science and provided detailed datasets of real transportation systems. This characterization spans across many scales, from the short-range mobility patterns in urban areas [4, 5, 6 ] to world wide trips [7] . Remarkably, different degrees of resolution and types of information are nowadays available from the combined use of techniques for data gathering [8] . From the traditional datasets based on direct surveys [9] , allowing to know the purpose of the trip (work/school, leisure, etc), to those large-scale ones gathered by tracking mobile communication systems [10, 11] or transport electronic cards [12] . This burst of activity have attracted many scientist from theoretical disciplines to contribute to the subject through the formulation of mobility models and mathematical tools aimed at reproducing and characterizing the observed patterns of movement [13, 14, 15, 16] .
The rapid change in the patterns of human mobility in the last decades, specially in what concerns the decrease in their duration together with the increase of their length, makes its characterization of utmost importance for many disciplines beyond the traditional scope of transportation science. The most paradigmatic example is the relevance of human mobility in the spread of diseases. The inclusion of the mobility ingredient into epidemic models has allowed to design sophisticated theoretical frameworks aiming at forecasting the onset and duration of pandemics with high time and spatial resolution [17, 18, 19, 20, 21, 22] .
In the last fifteen years, networks science [23, 24, 25] have appeared as the best suited mathematical frameworks to accommodate and characterize the interaction backbone of the very many complex systems captured by big data techniques. In fact, complex networks had been proposed as the natural framework to study spatially embedded systems [26] and, in particular, mobility networks. In these networks the different origins and destinations are represented as nodes of a graph, whereas the movements between locations are encoded as links connecting them [27] . Recently, thanks to the availability of more detailed information, it has been possible to represent many different types of transportation modes used for the movements within the same area under multilayer networks [28, 29, 30] , in which network layer represents a single transportation mode. In this way, each node still represents a particular origin/destination location and it is present in each of the network layers. However, links are represented in a different layer of interaction depending on the kind of transportation mode used for connecting two locations. This particular multilayer network is usually termed as multiplex.
In the recent years, different human mobility systems have been addressed under the paradigm of multiplex networks, ranging from urban movements [31] to medium [32] and large scale trips [33, 34] . Following this approach, here we address the multiplex structure of urban mobility in two different cities: Bogotá and Medellín. The novelty of the results presented rely on an additional ingredient of the mobility patterns that, up to our knowledge, has been ignored up to date. This new ingredient is the socioeconomic status (SES) of the individuals, mainly related to their wealth. Being the composition of many cities in the world highly hierarchical and inhomogeneous in terms of the capital distribution, it is thus relevant to unveil the influence that the different SES have on the mobility patterns.
To this aim, and considering that another relevant ingredient included in the available data sets is the transportation modes used by the individuals, we analyze the mobility patterns in terms of a multiplex network. In particular, we will analyze six different multiplex networks, each one corresponding to a different SES. Our approach relies on the adiabatic projection technique, introduced in [34] , that consist in monitoring how the structural properties of the aggregate network show up as a result of the merging of the layers composing the multiplex. Thanks to this approach, it has been possible to spotlight how segregation and multimodality are characteristic of some particular social classes, and to unveil the dominant role played by the middle-class in the utilization of the transportation system as a whole.
The structure of the paper is the following. We will first introduce the datasets used in section 2 and the adiabatic projection technique together with the topological estimators in which it is used in section 3. Section 4 is devoted to present the results of applying the former technique to the datasets of the cities of Bogotá and Medellín. Finally, in section 5 we draw some conclusions and future work perspectives.
Urban Mobility and Socioeconomic Status
The mobility data presented and analyzed here are taken from surveys carried out in two major cities of Colombia: Bogotá and Medellín. These surveys were originally designed to collect information about travelers and their trips, so to identify traffic patterns and apply the results to urban and transportation planning. In these surveys, each householder is asked about the trips performed the day before the interview, providing with the origin and destination zones, the departure and arrival times, the transportation mode used and the purpose of each trip. In addition, householders are characterized by their socioeconomic characteristics, such as the age, gender, occupation, and the socioeconomic characteristic of their housing, which it is defined as its SES. The survey for the city of Bogotá, having a population of about 7 million of inhabitants, has a sample size of 45446 people interviewed, reporting 100846 trips [40] . On the other hand, the survey for the metropolitan area of Medellín, with a population of about 3.5 million people, reports 127849 trips from 56513 personal interviews [41] . However, not all the people interviewed made a trip and thus the number of travelers in both cities is smaller (see Table 1 ). Fig. 1 Maps of the trips made in the city of Bogotá. Each map refers to a particular socioeconomic status, namely (from left to right) 1, 3 and 6. Each node corresponds to a different urban mobility zone, while a link (light gray) between two nodes indicates that a displacement has occurred among them. The size of the nodes indicates the amount of displacements (both from and to) occurring in that zone.
In Table 1 we briefly show the most relevant information about the population interviewed in both cities. From the network perspective, the mobility graphs derived from these surveys contain N = 912 nodes (being both origins and destinations) for the city of Bogotá, and N = 413 for the metropolitan area of Medellín. In this way, two nodes are linked whenever the survey reports the existence of at least one trip between two zones. In addition, we take advantage of the socioeconomic information provided by the surveys, in particular the information about the SES of each individual, being this a good proxy of the population wealth. This categorization of the population into strata is specific of Colombia, and ranges from status 1 for the lowest-income householders up to 6 for the highest-income individuals. Examples of mobility graphs of three of these socioeconomic groups are displayed in Figure 1 .
As introduced above, the aim of our work is to study the different means of transportations coexisting in the urban mobility as a multiplex mobility network. Since the surveys contained a number of different transportation means (25 in Bogotá and 17 in Medellín) we grouped these transportation modes into 6 different categories. In particular: (i) pedestrian (walking), (ii) public transport, (iii) private transport (e.g. car or motorbike), (iv) public massive transport (e.g. metro), (v) public individual transport (e.g. taxi), and (vi) bicycle. The usage of each transportation group is displayed in Figure 2 . Surprisingly, being the same classification for both datasets, we notice that the usage of each group is not the same in both cities. This is due to several factors, such as the different morphology of the cities and the differences in their urban development and planning. Regarding the socioeconomic composition of the population we report in Figure 3 the partition of the samples used in the surveys of Bogotá and Medellín in agreement with the real socioeconomic distribution of both cities, being the majority of the population in SES 2 and 3.
Our goal in the next sections is to use the mobility and socioeconomic data provided by these surveys, to explain how the SES of individuals affect the mobility patterns. To illustrate how the different SES make use of the available transportation modes we show in Figure 4 two different mobility matrices, M. The first type of matrix (top) shows how the usage of a transportation mean is partitioned into the different strata, whereas the second one shows how individuals of a particular SES use the different available modes. In both cases, the latter information is casted in 6 × 6 matrices which entries M t,s corresponds to, in the first case, the fraction of trips that individuals belonging to SES s perform using transportation mode t. In its turn, in the second case, the entry M t,s accounts for the probability that a trip of an individual of SES s is performed using mean t. This information is shown for both cities, Bogotá (left) and Medellín (right). At first sight, comparing those matrices in the left (Bogotá) and those in the right (Medellín), both cities display roughly the same usage patterns. In particular, concerning the matrices in the top we can observe that the usage of modes follows two different patterns depending on the precise transportation mean. For instance, modes 3 (private transport) and 5 (public individual transport) accumulate users from SES 2 to 6, whereas modes 4 (public massive transport) and 6 (bicycle) are mainly used by individuals with SES 2 and 3.
The second group of matrices (bottom) show, both for Bogotá and Medellín, that although multimodality is somehow present for individuals from SES 3 and 4, there is a high tendency to concentrate the trips around few transportation means. In fact, this concentration makes clear the socioeconomic differences according to the means selected: poor individuals from SES 1 and 2 concentrate their trips using modes 1 (pedestrian) and 2 (public transport), which are the cheapest ones, while those belonging to SES 5 and 6, mostly use means 3 (private transport) and 5 (public individual transport), that represent the most expensive ones. Thus, in the first case the concentration of trips around means 1 and 2 is due to the segregation of SES 1 and 2 towards cheap means whereas individuals from SES 5 and 6 can select their means according to their commodity. Thus, the mobility patterns in both cities show a clear transition segregation-multimodality-selection when going from the poorest to the richest.
The Adiabatic Projection of a Multiplex
From the analysis of the mobility matrices in Figure 4 , it becomes clear that the usage of the different transportation modes depends strongly of the status of the individuals. These results demand the analysis of how the different transportation modes are associated forming a mobility multiplex network (MMN) for each social status. In this section we present the Adiabatic Projection (AP) technique used to characterize MMN and the structural quantities under study.
Following the formalism introduced by Battiston et al. [39] , we consider the MMN of a social status s as a system composed of N nodes and M = 6 layers. As explained before, nodes correspond to the different urban areas in a city. Layers, instead, represent different transportation modes. Keeping in mind such setup, and particularizing in the mobility multiplex of a given social status s, it is possible to associate to each layer α (α = 1, . . . , M) a graph G [s,α] 
Once having introduced the basic notation characterizing each of the MMN, we describe the AP procedure used to study the coexistence of several interaction (here transportation) modes in a multiplex network. The technique relies in merging together a subset V (m) containing m ≤ M layers into a single (monolayer) graph
where:
Therefore, the network G [s,V (m)] is obtained by projecting all the layers contained in V (m) onto a single one and by converting the multiple links (those existing in several layers in V (m)) into single ones. In this way, the topology of the resulting projected network is described by the projected adjacency matrix A [s,V (m)] defined as:
The purpose of the AP of the layers of a multiplex is to analyze the evolution of some topological quantities when passing from single layers to the projected network resulting from merging all the M layers of the multiplex. Thus, the approach, introduced in [34] to study the European Air Transportation Multiplex, consists in varying the number of layers contained in the subset V (m) from m = 1 to m = M. It is important to notice that the AP method (as introduced in [34] ) considers, for each value m, the set V (m) containing all the possible subsets V (m) comprising m layers. In this way, given a topological quantity x, one evaluates x in each projected graph G [s,V (m)] derived from each subset V (m) contained in V (m) and average the values obtained over all the resulting graph. Thus, given m, the average value of x in V (m) reads:
Note that, although for m = 1 there are M possible subsets in V (1) whereas for m = M there is only 1 subset V (M), for a general value m the cardinal of V (M) can be extremely large. Thus, the AP technique demands a computationally expensive statistical treatment to cover all the possible layer combinations included in the sum of equation 4 when the number of layers M is large enough.
Here, instead, we get rid off the statistics over the sets V (m). In particular, based on the details contained in the dataset, we make use of the information about the usage of each transportation mode α by each SES s so that, for a certain value of m, we consider the projected graph G [s,V (m)] constructed by merging the m most used transportation modes (layers) by SES s. In this way, for each value of m, V (m) contains one single subset V (m) and thus we will denote each projected graphs as G [s,m] and its associated adjacency matrix as A [s,m] . Apart from the computational simplification of this variant of the AP technique, the new path from m = 1 to m = M informs about how the individuals of a particular SES are benefited by adding transportation modes to their trips allowing to distinguish between strata displaying either segregation or selection of modes and those socioeconomic compartments showing multimodality.
The topological quantities studied under the AP technique cover traditional structural measures, used in simple networks, and others that take into account the layer structure of a multiplex. In particular, for each graph G [s,m] we will study the following usual properties:
• The size, S, of the giant component and the number of components, n c . It is important to note that S is normalized to be 0 ≤ S ≤ 1, so that S = 1 when the N nodes in the network take part of a unique component. In addition, to compute n c we have considered that isolated nodes do not constitute a component so that components contributing to n c are those of size equal or larger than 2.
• The average path length, L. As usual, L is the average length of the shortest paths among all the couples of nodes in the network. Since the networks under study are highly disconnected, especially for small values of m, we have adopted the typical way out to avoid divergences in L, i.e., to consider only the nodes in the giant component.
• The average degree, k . Again, in order to compute the average number of connections of the nodes we have excluded isolated nodes.
• The clustering coefficient, C. As usual, the clustering coefficient shows the probability that two nodes i and j having a common neighbor l are also connected. In this case also, isolated nodes do not contribute to clustering.
The above measures are those traditionally used for characterizing simple (singlelayer) networks. However, there also exist measures that are specifically designed for multiplex networks (see the recent reviews [29, 30] ). This is the case of the Overlap, O. The overlap quantifies the redundancy of links between layers, i.e., the fact that a link between two given nodes i and j is present in several layers. In our multiplex networks the existence of a large overlap would imply a large tendency of the individuals (belonging to the same SES) of using different means of transportation for connecting the same urban areas i and j. In the recent years, several overlap measures have been proposed [35, 36, 37, 38, 39] . Here, for a given value of the number of projected layers m, the overlap of the resulting graph G [s,m] is measured via two different quantities, namely:
Where K is the number of links in the aggregate graph G [s,m] , W is the total sum of the links in each of the m layers merged in G [s,m] , and D is the number of redundant links in the set of m layers. We can express these quantities, W , K and D, making use of the adjacency matrices associated to each layer, G [s,α] , and that of the projection of the m most used layers, G [s,m] , as:
where, in the last equation, Θ (z) is the step function defined as Θ (z) = 0 for z < 0 and Θ (z) = 1 otherwise.
Results
In this section, and relying on the the AP technique of the MMN, our aim is to unveil the mobility patterns associated to the use of the transportation modes of each SES and, moreover, to monitor how the different patterns present in the transportation layers are combined into their corresponding mobility networks. We start by studying how the combination of different transportation modes cover the different urban areas. This view can be explained as a percolation process driven by the addition of network layers (instead of nodes or links as in the traditional percolation contexts). To this aim, we focus on the evolution with m of the size of the giant connected component, S(m), as well as the evolution for the number of components n c (m), and that of average path length of the giant component, L(m). In Figure 5 , we show these evolutions for each of the 6 SES for the cases of Bogotá (top) and Medellín (bottom). The adiabatic evolution of the giant component S(m) shows that both cities behave in a similar way so that the the different evolution S(m) for the SES follows the same hierarchy. In particular, SES 2 and 3 reach to cover almost all the urban mobility zones of the cities. On the other hand, the coverage of SES 6 in both cities and also 5 in Bogotá are well below the 50% of the zones. The main difference between the two cities shows up by looking at the rate S(m) increases. While for Medellín the rate of change is very small for all the SES, in Bogotá, SES 1, 2 and 3 need to merge at least two different transportation layers in order to achieve the 80% of their corresponding coverage. This result is the fingerprint of the segregation of these poor SES observed combined with the effect of the smaller sample size of the Bogotá survey (as compared to that of Medellín) that makes difficult to capture weak connections between urban mobility zones. These fact seems to affect more poor SES due again to their spatial segregation.
The evolution of the number of components n c (m), and the average path length L(m) in the city of Bogotá further confirms the effects of the segregation of SES 1, 2 and 3. As observed, the initial (m = 1) values of both n c and L are extremely large and they need to merge at least two transportation modes to reach small values of n c and L. This is not the case for SES 4, 5 and 6 for which the evolution is far more smooth. Concerning the final values of L in the city of Bogotá, it is remarkable the large steady value reached by SES 1 as compared to the rest of the population. Thus, even if they can cover a large number of zones the trips connecting them associate in a rather linear way, thus not displaying shortcuts. In its turn, the situation in Medellín concerning the evolution of n c (m) is not pretty much like to that of Bogotá. In fact, in this city the locations of the usual destinations appear to be very clustered, leading to have a system composed of only one component even for m = 1 for most of the SES. The evolution of L(m) instead is more interesting. As in the case of Bogotá, L decreases with m although in a smoother way [as occurred for the evolution of S(m)]. Again, it is worth to notice how, as in the case of Bogotá, SES 1 displays a different behavior from the rest of strata. Summarizing, both the behavior of S(m) and L(m) point out that in both Bogotá and (more clearly) Medellín the six SES can be regrouped into three mobility compartments related with their wealth. Namely: low (SES 1), mid-low (SES 2 and 3) , and mid-high (SES 4, 5 and 6) compartments.
In Figure 6 , we confirm the above compartmentalization by monitoring the evolution for the number of different trips from/to each urban area (here represented as the average degree k of the nodes) and the role of the various transportation modes in the triadic closure phenomenon, here studied via the clustering coefficient C. The evolution k (m) reveals two clearly distinct behaviors. First, for SES 2 and 3 (also 4 in the city of Bogotá) incorporating transportation modes implies to increase the number of origins/destinations, pointing out the genuine multimodal character of these individuals who assign different transportation modes depending on the trip to be performed. On the other hand, for the rest of the SES there is almost no evolution. However, when looking back to the evolution of S(m) in Figure 5 , it is easy to notice that the almost steady behavior of k (m) for these strata has different roots. While individuals belonging to SES 5 and 6 move from/to a limited amount of different places [as displayed by the small values of S(m)] using few transportation modes, due to the aforementioned selection mechanism, SES 1 displays a large coverage. Thus, for SES 1, the addition of a new transportation layer is mostly devoted to join pairs of disconnected nodes, and thus not used to increment the communication power of zones for which a trip already exists. The particular way of evolution with m displayed by SES 1 is also related to the large resulting networks [as displayed by L(m) in Figure 5 ] and further confirmed by looking at the evolution of the clustering coefficient, C(m). In both cities the values displayed by SES 1 are the smallest of the population and it does not show any significant change when increasing m. At variance, SES 5 and 6 display the largest values for the clustering in both cities, thus confirming again that, in this cases individuals cover a limited and rather fixed number of zones, thus favoring the formation of triadic paths in the aggregated graph.
Finally, in Figure 7 we present the evolution for two measures of the overlap proposed above (see Equations 5 and 6). Interestingly, for the two cities the two measures present almost the same evolution in terms of the relative growth between the different SES. Considering the definitions of O 1 (that takes into account the total amount of degeneration of the links) and O 2 (that only count once the redundant links regardless of the number of times they are repeated) it is clear that O 1 ≥ O 2 . However, the similar trends observed and the small difference in the values attained by O 1 and O 2 point out that all of the SES do not tend to accumulate more than two overlapping links. Concerning the differences in the increase rates of O 1 and O 2 between SES we observe that, in both cities, individuals belonging to SES 1 tend to avoid overlapping, in agreement with the way (discussed before) SES 1 tend to increase the size of the giant component. Importantly, for the city of Bogotá the trends observed in both O 1 (m) and O 2 (m) seem to reproduce the three mobility compartments discussed above (1, 2 − 3 and 4 − 5 − 6) for both cities. However, the results for the city of Medellín are completely in disagreement with these compartments since, for instance, SES 6 display small overlapping tendency (being similar to that of SES 1) in contrast to the large tendency of SES 4 and 5.
Conclusions
We have presented a dataset about the human mobility in urban areas with two ingredients of utmost interest: the information about the multimodal nature of the trips, and the socioeconomic status of the individuals. The first ingredient has allowed us to tackle the analysis of the mobility patterns using the multiplex framework, which has attracted many attention lately. On the other hand, the information about SES provides with a novel ingredient that has been ignored up to date in the studies about human mobility. Exploiting these two ingredients, the aim of this manuscript has been to describe how the different socioeconomic compartments make use and combine the different transportation layers.
We have analyzed the mobility multiplex networks of each SES by studying how different structural descriptors evolve as network layers (the transportation modes) are merged. This procedure, called adiabatic projection, starts from the network of the trips performed by means of the most used transportation mode and subsequently adds the layers corresponding to the other means in descending order of usage.
The main result of our work is the classification of the 6 SES into three compartments according to their behavior. Namely, in a first group we have SES 1 and 2, the poorest ones, whose behavior is characterized by the segregation, i.e., the usage of few and cheap transportation modes to cover a large fraction of the urban areas in a rather sparse way. The second compartment is composed of SES 3 and 4, having a genuine multimodal pattern and covering almost the total number of urban zones. Finally, the elite compartment composed of SES 5 and 6, is characterized by a selection of costly modes for performing the trips that, in their turn, display a very small coverage in terms of the urban areas reached although the connectivity within these zones turns to be rather dense.
The unveiled differences in the organization of the mobility multiplex networks according to SES demands the inclusion of this novel ingredient in the studies about human mobility and intrinsically related processes. As an example, it would be of interest to incorporate the presence of socioeconomic differences when studying the development of contagion processes in urban areas. We hope that our work will motivate more studies in this direction.
